Abstract: A finite-element solution is introduced for simulating the filling process of elevated concrete silos filled with saturated solids. An axisymmetric finite-element model is used to represent both the solids and the structure. The bulk solids are modeled using an elastoplastic model, whereas the structure is modeled using a linear elastic model. The interaction between the two materials is modeled using interface elements to permit relative movement. The filling process is idealized via a multistage numerical technique capable of representing both undrained and drained conditions. The effect of the filling process may be time-dependent. The excess pore-water pressure caused by the filling process may significantly influence the magnitudes of internal forces. Moreover, the design critical sections of the same silo element may correspond to different bulk solid conditions (undrained or drained). Practically, the ring beam stiffness may only influence hoop compressions in the silo elements at the wall-hopper junction. The results presented may be used to design tests to evaluate existing silos.
Introduction
The static pressure induced by a stored material on a silo wall is a significant component of the critical load combination, which may also include dynamic forces because of loading or unloading, thermal effects, and seismic or wind loads. Hatfield and Bartali (1988) reported that the dynamic effect may be incorporated in the loading combination by multiplying the static pressure by an amplification factor, a practice adopted by a number of silo design standards (e.g., American Concrete Institute standard 313-97 (ACI 1997) , and Deutsches Institut für Normung standard 1055 (DIN 1987) ). The present study focuses on the static loading on the silo elements (wall, hopper, ring beam, and supporting wall) due to the filling process.
Silo walls are primarily subjected to hoop (circumferential) tension due to the pressure exerted by the solids on the wall and axial (meridianal) compression due to the friction mobilized at the interface, in addition to the wall selfweight. Hoop compression may also develop in the vicinity of the wall-hopper junction with magnitudes that are dependent on the stiffnesses of the silo elements at that location. They may also be subjected to meridianal and circumferential bending moments and radial shear forces. This is dependent on the pressure pattern (symmetric or nonsymmetric) to which the wall is subjected and (or) the wall boundary conditions. Two general approaches for the analysis and design of silo walls may be followed (AbdelSayed et al. 1985) . In the first approach the pressure induced by the bulk solids on the wall is established with no account for the interaction between the two materials, whereas in the second approach the composite system of the ensiled material and wall is regarded as a continuum discretized by a number of finite elements (e.g., Bishara et al. 1977; . The first approach is adopted by most silo design codes where the lateral pressures on the wall are established using either of the two classic silo theories, namely Janssen's theory (Janssen 1895 ) and the Reimbert theory (Reimbert and Reimbert 1976) , as alternatives to the determination of the theoretical pressures. The two theories differ fundamentally in the assumption adopted for calculating the pressure ratio (ratio of horizontal to vertical pressures), where this ratio is assumed to be constant in Janssen's theory but to decrease with depth in the Reimbert theory. Yet, the pressure ratio and the bulk solids unit weight are assumed to increase with an increase in depth in the specialized version of Janssen's theory (Cowin 1979) . Briassoulis (1991) reported that the Reimbert theory overestimates the lateral pressures compared with Janssen's theory and that a number of investigators (e.g., Bishara et al. 1983; AbdelSayed et al. 1985 ) consider Janssen's theory as being inaccurate and unconservative. Janssen's (1895) silo theory has constituted the basis of silo design for many decades. This theory accounts for the arching effect within the bulk solids and allows for transfer of part of their weight to the wall in shear where it is carried to the base of the silo as wall thrust. It suggests that the horizontal pressure P may be established as in which γ s is the average unit weight of stored material; r is the silo radius; y is the depth measured from the top of the silage; µ s is the coefficient of friction between the stored material and the wall; and K is the ratio of mean horizontal to mean vertical pressures, assumed equal to the Rankine's coefficient of static earth pressure (e.g., Gurfinkel 1979; Gaylord and Gaylord 1984) :
where ϕ is the angle of internal friction. Experimental studies on deep silos carried out by Pieper and Wenzel (1964) revealed that Janssen's silo theory could lead to better results by calculating the coefficient K as
equivalent to the coefficient for the "at-rest" (zero lateral strain) condition. This naturally leads to higher pressures on the silo wall. Furthermore, Briassoulis (1991) reported that many investigators (e.g., Cowin 1979; Dabrowski 1985) had shown analytically that K may be bounded by
and therefore eq.
[2] merely represents a lower bound for the pressure ratio K.
As a step towards defining more realistic rigorously based pressure distributions on silo walls, measured both the filling and discharge pressures on a prototype tall concrete silo storing barley. The statistical analyses of the eight experiments conducted in the same prototype silo showed that the design storing pressures may be 50% higher than the Janssen values based on the experimental best-fit bulk solid properties. It was also concluded that most silo codes tend to consistently overestimate the wall friction coefficient (an unconservative practice) and may partly compensate by overestimating the lateral pressure ratio (a conservative practice).
Because of the potential development of nonsymmetrical pressures due to the stored material, a free (patch) load acting on any part of the silo wall may be considered. This approach has been adopted by a number of codes of practice (e.g., Deutsches Institut für Normung standard 1055 (DIN 1987) , and European Committee for Standardization Eurocode EN 1991 -4 (ECS 2004 ). These nonsymmetrical pressures may be unavoidable even in axisymmetric silos with concentric filling, since they may arise as a result of geometric imperfections in the wall and probabilistic changes in the bulk solid properties (Briassoulis 1998) . The results from the experiments conducted by revealed that quite large systematic nonsymmetrical pressures occur during filling and storing, as well as during discharge. Using the nonsymmetric pressure distributions measured by Ooi et al., Briassoulis (1998) conducted a finite-element analysis for the shell structure to establish the state of stress in the shell and concluded that the design of silo walls might not neglect the asymmetric features of the real pressures developed by the stored material. The effect of the nonsymmetric pressure is not considered here, however, because it is out of the scope of this investigation.
Conical discharge hoppers are normally subjected to symmetrical loading from the stored material. The most commonly used theories for pressures in hoppers are those of Walker (1966) , Walters (1973), and Jenike et al. (1973) . Rotter (1990) reported that most codes of practice specify either a constant pressure within the hopper or a linearly varying pressure, in addition to a local "switch" pressure near the wall-hopper junction to account for flow conditions. Naturally, the vertical load on the hopper is maximized when the pressure on the wall is minimized. This condition is met when both K and µ s in eq.
[1] take their minimum values. Equation [2] may be used to obtain a minimum value for K. Alternatively, Rotter (1990) showed that a more realistic value of K can be derived from the relation first introduced by Walker (1966) as The values of K estimated from eqs.
[2] and [5] differ only slightly unless the wall is considerably rough (Rotter 1990) . Another aspect of silo design also requires consideration, namely the behaviour of wet silage and the potential effects of consolidation during or after the filling process. Design standards like the National Farm Building Code of Canada (NRCC 1995) require any zone of saturated silage to be identified and silo wall pressures to include explicit consid-eration of hydrostatic pressures acting against the wall in the zone of saturated material at the base of the silo. This generally makes a very substantial contribution to the lateral wall pressures and can lead to much greater wall strength requirements. Design of "class II" structures (those expected to hold wet silage) requires assessment of lateral pressures associated with high filling speed, neglecting any influence of "primary consolidation" of the ensiled material (reductions in pore-water pressure, as water drainage leads to compression of that material). Consolidation may actually occur, so lateral pressures and consequently the design requirements of the silo elements may depend on the speed with which the silo can be filled (Abdel-Fattah et al. 2005 ).
An understanding of the loading speed and the effect of silage consolidation is investigated in this paper, using numerical simulations of the filling process to estimate the forces that develop in an elevated concrete silo filled with saturated sand. Calculations are performed assuming that the filling process is completed over a predefined number of stages, with consolidation allowed following completion of each stage. Accordingly, the number and frequency of (time elapsed between) the filling stages are expected to affect the patterns of forces developed in the structure, given the reoccurring pattern of development and dissipation of the excess pore pressure within the bulk solids. For consolidating silage, the structure must be designed to withstand the temporary forces developed due to the undrained conditions, where out-of-equilibrium water pressures may exceed those due to silage in a drained (consolidated) condition.
One particular silo geometry ( Fig. 1) is used here to examine the effects of silage consolidation on the internal forces that develop in the structure due to filling. Also, the pressure patterns on the silo wall and hopper are established taking into account the state of the bulk solids (undrained or drained) during the filling process. The effects of the ring beam stiffness and wall top boundary conditions on the internal forces in the silo elements are also examined. Figure 1 displays the geometric properties of the example silo and the definitions of its different elements. It is assumed that the silo is supported by a continuous wall built in at its bottom. The discharge-opening lid has a thickness of 0.40 m and is modeled as a circular plate pinned to the opening perimeter. The silo wall thickness varies from 0.30 m at the wall-hopper junction to 0.15 m over a height of 3.0 m, beyond which the wall thickness remains constant. The silo geometry proposed here is not intended as an adequate design. The total height of silage (13.50 m) is divided into 13 layers each of 1.0 m thickness and a bottom layer of 0.50 m thickness.
Geometric and material properties
Six filling schemes are examined as follows: (1) one layer of thickness 13.50 m; (2) two layers of thicknesses 8.50 and 5.00 m; (3) three layers of thicknesses 4.50, 5.00, and 4.00 m; (4) four layers of thicknesses 4.50 m for the first layer and 3.00 m for each subsequent layer; (5) six layers of thicknesses 3.50 m for the first layer and 2.00 m for each subsequent layer; and (6) 11 layers of thicknesses 2.50 m for the first layer, 2.00 m for the second layer, and 1.00 m for each subsequent layer.
Concrete is modeled as a linear elastic material with Young's modulus E = 25.0 GPa and Poisson's ratio ν = 0.20. The design of the silo element cross sections is based on a concrete characteristic cube strength of 30 MPa and steel yield stress of 360 MPa.
For the ensiled material (saturated sand), the materialhardening constitutive model (Schanz 1998) adopted by the finite-element code PLAXIS (Brinkgreve and Vermeer 1998) is used. This model is used for simulating the behaviour of both soft and stiff soils. It has a yield surface that is not fixed in the principal stress space. Both shear hardening and compression hardening are represented in the model. The basic assumption in the model formulation is that the relationship between the vertical strain ε 1 and the deviatoric stress q in the primary triaxial loading can be approximated by a hyperbola as shown in Fig. 2 .
The hyperbolic relationship plotted in Fig. 2 can be described by
where E 50 is a confining-stress-dependent stiffness modulus for primary loading; and q f and q a are, respectively, the ultimate and asymptotic deviatoric stresses, which can be obtained from the relations
where c is the cohesion, ϕ is the angle of internal friction, σ 3 ′ is the confining pressure in a triaxial test, and R f is a failure ratio that should be smaller than unity. The stiffness modulus E 50 is given by
where E 50 ref is a reference stiffness modulus corresponding to the reference confining pressure P ref , and m is the power of stress-level dependency of stiffness that is normally assumed to have values around 0.50 for sands and silts as reported by Janbu (1963) .
For unloading and reloading stress paths, the model uses another stress-dependent stiffness modulus defined by 
where f is a function of stress given by
and γ p is a function of plastic strains defined by
in which ε 1 p and ε v p are, respectively, the axial and volumetric plastic strains.
For primary loading where γ p = f,
The elastic strains that develop during primary loading and unloading-reloading are defined by [21] sin
The present study is carried out assuming that the example silo is filled with saturated sand, a material used previously by many investigators (e.g., Briassoulis 1991; Holst et al. 1999) in silo loading studies. The material parameters assigned to the saturated sand are assumed to be as follows: 
Finite-element model
Description of the model and procedure An axisymmetric finite-element model is used to represent the concrete silo and the saturated sand. The silo structure is modeled using three-noded beam elements, whereas the solids are modeled using six-noded triangular solid elements. Although "beams" are actually one-dimensional structures, beams in PLAXIS represent real plates in the out-of-plane direction and can therefore be used to model walls and plates. A typical finite-element mesh is shown in Fig. 3 . The model is restrained in the radial direction at the axis of symmetry. The wall is restrained in the radial direction at its top. A closed consolidation boundary is imposed along the axis of symmetry, since no flow is permitted through this boundary.
The interaction between the silo wall and bulk solids is modeled using interface elements. The use of these elements permits modeling of an interface condition between the smooth (no friction) and rough (full compatibility) limits. A strength factor R int is introduced to define the strength parameters of the interface (subscript "int") relative to those of the original material (subscript "s"), thus
with a default value of 0.45 for the interface material Poisson's ratio ν int . Throughout this investigation, a value of 0.70 is assigned to the strength factor R int , a typical value for the strength parameter of a sand-concrete interface.
The interface element has a virtual thickness, but in the finite-element formulation the coordinates of the reciprocal nodes are coincident. The virtual thickness may be established by multiplying the average element size by a virtual thickness factor.
Abdel-Fattah et al. (2005) conducted a finite-element analysis on a ground-supported concrete silo to examine the sensitivity of the results obtained to the virtual thickness assumed and suggested that a value of 0.10 assigned to this factor may be appropriate for the purpose of their numerical investigation, which concerns a structure with specific geometric and material properties. Therefore, throughout this investigation, a default value of 0.10 is assigned to this factor, since no measurements are available at this stage of the investigation.
The filling process is simulated in the finite-element model via a multistep analysis strategy, with the ensiled material placed in a number of layers of an arbitrary thickness. For each layer, an undrained analysis is first performed to estimate the excess pore-water pressures in the bulk solids, followed by a drained analysis to allow these pressures to fully dissipate prior to adding the subsequent layer.
Comparison with a closed-form solution
Hatfield and Bartali (1988) introduced a closed-form solution for the static forces and moments in a grain silo. The proposed silo material is homogenous, isotropic, and linearly elastic, and the wall thickness is small compared with the radius. The silo is full of grain but not heaped. Horizontal grain pressure, P, is given by Janssen's formula (eq. [1]). The aforementioned assumptions result in axially symmetric forces and deformations. These forces are the hoop force N θ , axial force N φ , radial shear Q r , and meridianal bending moment M φ .
An example silo, with the properties examined by Hatfield and Bartali (1988) , was analyzed using the solution given earlier in the paper: height of 15.0 m, radius of 3.0 m, and wall thickness of 0.155 m. The wall material has a Young's modulus of 25.0 GPa, Poisson's ratio of 0.30, and unit weight of 24 kN/m 3 . The grain properties are γ s = 8.0 kN/m 3 , K = 0.31, and µ s = 0.40. This structure is taller than that examined in the subsequent sections studying silage consolidation, so it is used here to assess whether the finite-element analysis can reproduce the full Janssen arching behaviour. In the finite-element solution, the angle of internal friction and the interface strength factor R int are taken as equal to 33°and 0.67, respectively; this is to produce the same values considered for the parameters K and µ s in the closed-form solution. The bottom boundary of the finiteelement model is restrained in the vertical direction.
A comparison between the results obtained from both the closed-form solution and the present finite-element solution for the limiting case of zero restraint at the bottom edge of the silo is shown in Fig. 4 . Plotted in Fig. 4a are the pressure distributions obtained from the finite-element solution together with those from Janssen's theory using values for K of 0.31 and 0.46, which correspond to the active and at-rest conditions of earth pressure, respectively. From Fig. 4a , it can be seen that for the structure with the geometric properties and boundary conditions proposed here, Janssen's theory using an active earth pressure coefficient underestimates the wall pressure. This becomes more pronounced near the silo base where the finite-element solution predicts a sharp increase in the pressure along the lower fifth of the silo height. At the silo base, an increase in the pressure of 45% is predicted. On the other hand, the wall pressure distribution obtained from the finite-element analysis is in very good agreement with Janssen's predictions using the coefficient of earth pressure at rest except for at the base where Janssen's theory underestimates the pressure by 18%. The same observations may be made from Fig. 4b , which presents the axial and hoop force distributions along the silo height for K = 0.31.
The discrepancies between the results obtained from both solutions may be expected, since it was previously shown by many investigators (e.g., Pieper and Wenzel 1964; Cowin 1979; Dabrowski 1985) that better estimations can be obtained from Janssen's theory if values for K higher than that calculated from eq. [1] are used. Another source for these discrepancies could be due to the fact that the solution of Hatfield and Bartali (1988) does not account for the effect of the relative stiffness between the bulk solids and concrete structure. This is not the case with the finite-element solution obtained here where the bulk solid parameters vary along the silo wall according to the level of the confining pressure within the bulk solids.
As shown later in this investigation, however, finiteelement predictions have been obtained for the lateral pressures that are in very good agreement with Janssen's predictions using the coefficient of active earth pressure. Those predictions have been obtained using a silo structure with a hopper with aspect ratio of 1.00 relative to 2.50 for the structure analyzed here and with different wall boundary conditions.
Results of analyses and discussion

Variation of the excess pore-water pressure
The variation of the excess pore pressure within the bulk solids with time for a point located in the middle of the bottom layer is plotted in Fig. 5 . At time T = 0.0 (assuming an instantaneous filling process) in Fig. 5 , a maximum excess pore-water pressure of about 200 kN/m 2 is predicted due to filling scheme 1. On the other hand, a minimum excess pore-water pressure of about 36 kN/m 2 is predicted due to filling scheme 6. The estimated time for full dissipation of the excess pore pressure is about 27 and 80 min for filling schemes 1 and 6, respectively. The former is associated with one period following complete filling, whereas the latter is associated with 11 time intervals following the corresponding filling stages.
Pressures on wall and hopper
Depending on the bulk solids condition (undrained or drained) during filling, two types of pressures on the wall and hopper can be distinguished. The first is due to the excess pore-water pressures that develop within the bulk solids under the undrained condition, whereas the second is due to the resulting effective stresses following dissipation of the excess pore-water pressures (i.e., drained condition) within the bulk solids. Therefore, under the undrained condition, for the current filling stage, the part of the silo element (wall or hopper) loaded in this stage is only subjected to hydrostatic pressure, whereas those parts which were loaded in the preceding filling stages are subjected to pressures from both effective stresses (resulting from the preceding stages) and hydrostatic pressure (resulting from the current filling stage). Under the fully drained condition for the current filling stage, no hydrostatic pressure acts on any of the silo elements. The parts of silo elements loaded in the current filling stage are subjected to pressures from the effective stresses that resulted from dissipation of the pore-water pressures during that stage, whereas the other parts that were loaded in the preceding filling stages are subjected to pressures from the effective stresses that resulted from the current filling stage, in addition to the existing pressures from the effective stresses that resulted from the preceding filling stages.
The pressure distributions along both the silo wall and the hopper due to filling scheme 4 under the drained condition are plotted in Figs. 6a and 6b, respectively. Also plotted in Fig. 6a are the pressure distributions calculated from Janssen's theory using the K values 0.333 and 0.500 computed from eqs.
[2] and [3], respectively, and µ s = tan(0.7ϕ) = 0.384. These two pressure distributions are denoted in Fig. 6a by Janssen (1) and Janssen (2), respectively. The maximum values for the wall pressures from the three filling stages are about 16, 30, and 46 kN/m 2 , respectively. The corresponding maximum values for the fourth filling stage from Janssen's theory are approximately 41 and 55 kN/m 2 , respectively, for the two K values 0.333 and 0.500. It can be seen from Fig. 6a that the pressure distribution predicted for the fourth filling stage agrees very well with Janssen's pressure distribution calculated using the coefficient of active earth pressure; however, Janssen's theory underestimates the maximum pressure value at the wall bottom by about 9%. It is clear that the finite-element predictions obtained here using the example silo are much closer to Janssen's predictions than those obtained in the comparative study shown earlier in this investigation. The difference between the two cases concerns the geometric properties of the structure and the boundary conditions at the level of the wall base. In addition to the different slenderness and aspect ratios adopted for the two structures, the bulk solids in the first case (comparative study) were assumed to be restrained in the vertical direction at the base, whereas those in the second case are supported by the bulk solids in the hopper. Moreover, the wall bottom tip is free to move laterally in the first case, but its lateral movement is partially restrained in the second case. It is apparent that further investigations are still needed into both the proper finite-element modeling of silo loading problems and the range of applicability of the silo classic theories. This is not treated here, however, since it is beyond the scope of the current investigation.
Under the undrained condition, the maximum values for the hydrostatic pressures on the wall from the three filling stages are about 48, 54, and 60 kN/m 2 , respectively. These maximum values occur at the bottom of the wall. 
Distribution of internal forces
Since this investigation focuses primarily on the effects of silage consolidation on the internal forces that develop in the silo elements due to filling, it is appropriate first to illustrate the typical patterns of these forces. Figure 7 shows the distributions of the axial, hoop, and shear forces and the meridianal bending moments for filling scheme 2 due to the drained condition. For the membrane forces, the positive sign denotes tension and the negative sign denotes compression. The bending moments are considered positive when they produce tension in the outside fiber of the silo element. The following observations can be made from Fig. 7 . The silo elements in the vicinity of the wall-hopper junction are subjected to hoop compression (Fig. 7b) , and the maximum bending moments and shears in all elements occur at the wall-hopper junction (Figs. 7c, 7d) .
The variation of the wall thickness along the lower 3.0 m has been modeled using three beam elements of average thicknesses 0.275, 0.225, and 0.175 m, and this explains the sharp changes in the hoop force distribution along the silo wall plotted in Fig. 7b .
Maximum axial loads
The maximum axial loads in both the silo wall and hopper are plotted in Fig. 8 . The maximum axial load in the wall is higher for the drained condition. For filling scheme 1, for instance, the axial load due to the drained condition is about 85% higher than that due to the undrained condition. This percentage decreases as the number of filling stages increases until it reaches about 10% for scheme 6. This is due to the increase in the relative vertical movement between the ensiled material and the wall at the interface, resulting from the settlement of the ensiled material due to consolidation. It can also be seen that the maximum axial load associated with the undrained condition is higher for filling schemes with a greater number of filling stages. For example, the axial load due to filling scheme 6 (11 layers) is approximately 60% higher than that predicted due to filling scheme 1 (one layer). This is because the excess pore-water pressure developed in each specific layer is permitted to fully dissipate prior to adding the next layer. Thus, the one-step filling scheme (scheme 1) is characterized by the development of maximum pore-water pressure, and accordingly the least maximum axial load in the wall.
For the maximum axial loads in the hopper, a trend opposite to that of their counterparts in the wall can be observed in Fig. 8 . This may be attributed to the fact that the drained condition is associated with an increase in the portion of load transferred to the wall, and consequently a decrease in that acting on the hopper.
Maximum hoop forces
The maximum hoop tensions and compressions in the wall due to the six filling schemes are presented in Fig. 9 . The maximum tension is associated with the undrained condition, whereas the maximum compression is associated with the drained condition. This is because the increase in the excess pore pressure within the bulk solids (the undrained condition) causes an increase in the wall outward movements but a decrease in its inward movements; the latter occurs at the wall-hopper junction.
For filling scheme 1 (one layer) the maximum tension due to the undrained condition is about 170% higher than that due to the drained condition. This percentage decreases as the number of filling stages increases until it reaches about 20% for filling scheme 6. The undrained prediction of scheme 6 is approximately 58% less than its counterpart due to scheme 1. This is because filling scheme 6 is characterized by full dissipation of the excess pore pressure following completion of each filling stage. It can also be seen that for filling scheme 1 the maximum compression due to the drained condition is about 58% higher than that due to the undrained condition. The absolute maximum value of the hoop force is due to tension for schemes 1-5 but compression for scheme 6 only. This implies that filling schemes with a number of layers higher than scheme 6 will be characterized by absolute maximum values due to compression.
The maximum hoop tensions and compressions in the hopper due to the six filling schemes are presented in Fig. 10 , which shows a trend similar to those in the wall. For filling scheme 1, the maximum tension due to the undrained condition is about 51% higher than that due to the drained condition. This percentage decreases as the number of filling layers increases until it reaches about 6% for scheme 6. The undrained prediction of scheme 6 is approximately 38% less than its counterpart due to scheme 1. For filling scheme 1, the maximum compression due to the drained condition is about 96% higher than that due to the undrained condition. Thus, for the rapid filling process (scheme 1) the maximum hoop tension in the wall is more sensitive to the bulk solids condition than that in the hopper, as can be inferred from the comparison between Figs. 9 and 10. By contrast, the maximum hoop compression in the hopper is more sensitive to the condition of the bulk solids than is the hoop compression in the wall.
The maximum hoop compressions in both the ring beam and supporting wall are plotted in Fig. 11 . Again, as with those in the wall and hopper, the maximum compressions occur due to the drained condition. For filling scheme 1, the maximum compression in the ring beam due to the drained condition is about 44% higher than that due to the undrained condition. This percentage drops to only 2% for scheme 6, in which more periods of full drainage are permitted. Similar observations can be made for the maximum compressions in the supporting wall.
Maximum shear forces
The maximum shear forces in both the wall and hopper due to the six filling schemes are given in Fig. 12 . The general trend in Fig. 12 is that the undrained predictions are higher, and this is more pronounced for schemes with a lower number of filling stages. For instance, the undrained maximum shears in the wall due to schemes 1 and 6 are, respectively, 63% and 9% higher than the drained maximum shears, but in the hopper the corresponding percentages are 33% and 6% higher. In other words, the shear forces in the hopper are less sensitive to the drainage condition of the bulk solid than are the shear forces in the wall.
Maximum bending moments
The maximum bending moments in both the wall and hopper due to the six filling schemes are presented in Fig. 13 . For the negative bending moments, the undrained predictions are higher than the drained predictions, and this is more distinguished for filling schemes with a lower number of stages. For both the wall and hopper, the undrained predictions due to schemes 1 and 6 are, respectively, 45% and 7% higher than the drained predictions. For the maximum positive bending moments in the hopper, a trend similar to that of the negative bending moments can be observed. Nevertheless, these predictions are less sensitive to the bulk solid condition (undrained or drained) than those of the negative bending moments, as the undrained predictions due to schemes 1 and 6 are, respectively, 16% and 4% higher than the drained predictions.
Effect of ring beam stiffness
To examine the effect of the ring beam stiffness on the internal forces in the silo elements, the example silo was first analyzed without a ring beam for the two limiting cases of zero lateral restraint (case 1) and infinitely stiff lateral restraint (case 2) at the wall-hopper junction. The analyses were conducted for filling scheme 3 under the drained condition. The results obtained have shown that the hoop forces in the silo elements are the most influenced by the restraint stiffness at the wall-hopper junction. For other internal forces, the maximum difference between the results obtained is within the range of 2%-10%, and accordingly they are not shown here. The magnitudes of the hoop forces in the silo elements at the wall-hopper junction for cases 1 and 2 are listed in Table 1 . As shown in Table 1 , an infinitely stiff lateral restraint (case 2) at the wall-hopper junction causes significant drops in the magnitudes of the hoop compressions in both the silo wall and the supporting wall and a change in the type of hoop force in the hopper from compressive to tensile. The magnitudes of the hoop compressions in the silo wall and supporting wall are 292 and 480 kN/m, respectively, for case 1 compared with 39 and 106 kN/m for case 2. The magnitudes of the hoop forces in the hopper are 304 kN/m (compression) and 80 kN/m (tension) for cases 1 and 2, respectively. It is therefore evident that the magnitude and possibly the type (tensile or compressive) of the hoop force in the silo elements at the wall-hopper junction are dependent on the magnitude of the lateral displacement allowed at this location. This displacement magnitude may be controlled by the designer through the dimensions chosen for the silo elements at the wall-hopper junction. To confirm this, the example silo was further analyzed for ring beam thicknesses of 0.40, 0.60, 0.80, and 1.20 m measured from the supporting wall centreline, with a constant breadth of 0.40 m, and the magnitudes of the lateral displacements obtained at the wall-hopper junction are 0.160, 0.150, 0.141, and 0.126 mm for the four ring beam configurations considered, respectively. The magnitudes of the hoop forces in the silo elements at the wall-hopper junction are listed in Table 2 for the four ring beam configurations. Again, as the lateral displacement at the wall-hopper junction decreases, or in other words as the ring beam stiffness increases, the magnitude of the hoop compression decreases. As the beam thickness is increased from 0.40 to 1.20 m, the magnitudes of the hoop compressions in the ring beam, hopper, silo wall, and supporting wall drop by about 24%, 28%, 18%, and 15%, respectively.
Effect of boundary conditions
The foregoing results were obtained for lateral restraint applied to the wall top. A silo free at its top is considered here to examine the effect of that restraint. The results obtained for scheme 3 (drained condition) due to these two different boundary conditions are listed in Table 3 . It is clear from Table 3 that the lateral restraint at the wall top has a negligible effect on the results obtained.
Conclusions
A finite-element solution is presented for the internal forces in an example elevated concrete silo due to filling. The results are obtained using an axisymmetric finite-element model representing the silo structure and stored material. The silo is filled with a saturated granular material according to a multistage filling process. The results of analyses are obtained due to both undrained and drained conditions.
A number of conclusions can be drawn for the combination of materials, geometry, and loading considered in this investigation.
Except for the membrane (axial and hoop) compressions that are maximized due to full drainage of the solids, the development of excess pore pressure during the filling process may temporarily cause significant increases in the magnitudes of other internal forces in the silo elements. The proportions of these increases are dependent on the type of internal force and the silo element in which it develops. The most pronounced increase is that in the hoop tension in the wall, predicted here as 170% for the rapid filling scheme (scheme 1). On the other hand, the least pronounced increase is that in the positive bending moment in the hopper, predicted here as 16% for that scheme. Thus, care should be taken when dimensioning a particular silo element for a specific type of internal forces, since the design values at different locations may correspond to different bulk solid conditions (undrained or drained). For example, while dimensioning the silo wall or hopper for hoop forces, the maximum tension would correspond to the undrained condition, whereas the maximum compression would correspond to the drained condition.
Thus, achieving an economic silo design makes the filling rate a factor that should be considered. This time-dependent effect of the filling process can be minimized if reasonable, practical time intervals are left between the filling stages, so the accumulated pore pressures are allowed to dissipate prior to commencement of the next filling stage. Indeed, filling with materials having lower permeability will require a longer time interval for dissipation of the pore pressure. Naturally, that time interval should be acceptable from a practical standpoint, considering the operations of the bulk solids han- dling facility. Otherwise, the facility use should include delays to permit dissipation of the pore pressures. From a practical viewpoint, the ring beam stiffness may have an effect on the hoop compressions in the silo elements, but not on other types of internal forces.
The lateral restraint at the top of the wall has a negligible effect on the forces that develop in the silo elements.
The results obtained from this investigation may be useful when planning a field-testing program and may assist during evaluation of existing concrete silos. Following experimental evaluation, the proposed analysis methodology might be used in concrete silo design.
